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Abstract. We consider an equation 

y"(x) = q(x)y(x), xeR (1) 
under the following assumptions on q(x) : 

/x poo 
q(t)dt > 0, / q(t)dt > for all x G R. (2) 
-oo J X 

Let v(x) (resp. u(x)) be a positive non-decreasing (resp. non-increasing) solution of l|T]l 
such that 

v'(x)u(x) — u'(x)v(x) = 1, x G R. 
These properties determine u(x) and v(x) up to mutually inverse positive constant factors, 
and the function p(x) = u(x)v(x), x G R is uniquely determined by q(x), x G R. In 
the present paper, we obtain an asymptotic formula for computing p(x) as \x\ — * oo. As an 
application, under conditions J2J, we study the behavior at infinity of solution of the Riccati 
equation 

z' (x) + z(x) 2 = q(x), X G R. 



1. Introduction 
In the present paper, we consider an equation 

y"(x) = q(x)y(x), x G R (1.1) 

under assumptions 

/X POO 
q(t)dt > 0, / q(t)dt > for all x G R. (1.2) 
-OO J X 

Further, we assume conditions (jl.2j) are satisfied, without special mention. Our general goal 
is to study some asymptotic properties (as \x\ — * oo) of solution of equations (jl.lj) . 

In order to give a concrete statement of the problem, we need the following known facts (see 
[3 Ch. XI, §6], [2]). First we note that equation (jl.lj) has a fundamental system of solutions 
(FSS) {u(x), v(x)} which is defined, up to mutually inverse positive constant factors, by the 
properties 

v(x) > 0, u{x) > 0, v'(x) > 0, u'{x) < for x G R, (1.3) 



v'(x)u(x) — u'(x)v(x) = 1 for x G R, 



(1.4) 
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Um v& = ^ u& = (L5) 

;^-oo u(X) x^oo V{X) 

OO, / — — < OO, / -rr-r < OO. (1.6) 



Relations (jl.3jl - (jl.6j) mean that u{x) and i>(x) are principal solutions of (jl.lj) on (0, oo) 
and (—oo,0), respectively (see Ch. XI, §6]. Therefore, we call an FSS {(u(x),v(x)} with 
properties (jl.3j) - (jl.6j) a principal FSS (PFSS) of equation (jl.lj) . 

The solutions u(x),v(x) from a PFSS of (jl.l|) are related as follows: 

u(x) = v(x) [ f^. ' , v(x) = u(x) [ ^ , x G R. (1.7) 



From (|1.7|) . it follows that the function p(x) 

eft , , /' x 



u\x) 



p(x) = u(x)v(x) = v(x) 2 I -jTyi = u ( x ) 2 I ~7T\2' xeR (l.i 

does not depend on the choice of a PFSS and is determined uniquely by equation (jl.lj) . 
i.e., by the function q(x). Therefore, the Davies-Harrell representation (jl.9j) for a PFSS of 
equation (jl.lj) (see 6\) is very important for the theory of equation (jl.lj) 

^ eXP Hi ^)' <*) = VMe*p(\f so Jj), (1.9) 
Here Xq is the unique root of the equation u(x) = v(x) (such an interpretation of Davies- 
Harrell's formulas was proposed in [2]). Thus for all x G R, any PFSS of (jl.lj) can be 
expressed via p(x), and the choice of a particular PFSS of (jl.lj) is determined by the choice 
of x in ([USD . 

Representation (jl.9j) becomes even more important if one takes into account Otelbaev's 
a priori inequalities 

^Y<p(x)<^d(x), xeR. (1.10) 
Here d(x) is the unique solution in d > of 

d / = 2, x E R. (1.11) 



Remark 1.1. The function <i(x) was introduced by M. Otelbaev (see, for example, [§]). It is 
well-defined (see §2, Lemma |2~T|) . Inequalities of type (jl.lUj) were first obtained in jH] (under 
requirements of q(x) stronger than (jl.2j) ). and therefore we relate them and the function 
d(x) to M. Otelbaev. Note that in jH] another auxiliary function, more complicated than 
d(x), was used. See j2j for the proof of estimates (jl.lOj) under conditions (jl.2j) . 
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The study of p(x) started in [2] was continued in jHEj- In [I] more precise inequalities of 
type (fTToj) were obtained, and in under some additional requirements of (jl.2|) to q(x), 
an asymptotic formula for computation of p(x) as \x\ — > oo, was obtained. We shall need 
this formula later. To state it, let us introduce the following 

Definition 1.2. [3] Suppose that condition (jl.2j) holds. We say that q(x) belongs to the 
class H (and write q(x) G H) if there exists a continuous function k(x) in x G R with 
properties: 

1) 

k(x) > 2, x G R; k(x) — > oo as |x| — > oo; (1-12) 

2) there is an absolute positive constant c\ such that for all x G R the following inequal- 
ities hold: 



c x k(x) < k(t) < c\k(x) for t G [x — k(x)d(x),x + k(x)d(x)] 



;i.i3) 



3) there is an absolute positive constant C2 such that for all x G R the following estimate 
holds: 



$(x) = k(x)d(x) 



sup 

ze[0,fc(a:)d(a;)] 



+ -q(x-t))dt 



<c 2 . 



;i.i4) 



In the sequel we assume that if q(x) G H, we denote by k(x) the function from Definition 
11.21 For example, if q(x) G H, then below by F(x) we denote the function 

= = f \/k(x)d(x) 



F{x) 



sup 

ze[Q,Jk{x)d(x)} 



(q(x + t) — q(x — t))dt 



x G R. 



;i.i5) 



Later we omit the reference to the conditions (j!.12jl . p.lHjl and p.!4jl . which the function 
k(x) in p. 15j) (and in any similar situation) satisfies. By c we denote any absolute positive 
constants which are not essential for exposition and which may differ even within a single 
chain of computations. Constants essential for exposition are supplied with indices, as, for 
example, in Definition 11.21 

Theorem 1.3. 3\ Suppose that q(x) G H and, in addition, q(x) > 1 for x G R. Then for 
all \x\ 3> 1, we have 

c 



\p'(x)\ < c[F(x) +exp( C - 1 v / Mx))] < 



p(x) = ^^-(1 +e(x)), \e{x)\ < ca(x) < 



;i.i6) 
;i.i7) 
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Here (see (fTT5|l ): 



exp(— c - 1 ^/k(x))+ sup F(t), if x > 



at(x) 



t>x—d(x) 



(1.18) 



exp^— c - x a/^x)) + sup F{t), if x < 0. 



t<x+d(a;) 



Here are some comments on Theorem 11.31 The main goal of this statement is to make 
inequalities (jl.K)j) more precise for \x\ ^> 1. A solution is suggested in (|1.17j) - (jl.l8j) . Clearly, 
in view of representations ()1.19j) of PFSS, formulas of type ()1.17j) - (jl.l8j) are important for 
the theory of equation (jl.lj) . In addition, they are applied, for example, in the spectral 
theory of the Sturm-Liouville operator and in the theory of the Riccati equation (see [HE]). 
Therefore, their further development may be useful for equation p. 1)1 as well as for its 
applications. Note that relations ()1.17j) - (jl.l8j) and Ijl.lOj) — Ijl.llj) do not completely agree 
with one another. In particular, Otelbaev's inequalities are local because to estimate the 
function p(x) in a point x G R, one only uses the values q(t) for all t from the finite segment 
[x — d(x), x + d(x)]. In contrast, asymptotic estimates ()1.17j) are not local because to estimate 
p(-) in a point x (\x\ ^> 1) one uses the values q(t) for all t belonging to one of the infinite 
intervals (— oo, x + d(x)} or [x — d(x), oo) (see (|1.11|) and ()1.18j0 . Analysis of the examples 
to Theorem 11.31 from jlj |3] shows that in formula (|1.17p . the estimates of the remainder 
term e(-) in a point x (\x\ ^> 1) are always formed from the values q(t) related to some 
local neighborhood of x. This means that in ()1.17|) - (|1.18|) . when estimating e(x), perhaps 
we impose redundant conditions on the function q(-). 

Now, that we have clarified some disadvantages of the relations ()1.17|) - (jl.l8|) . we are able 
finally to formulate the main goal of this paper: to obtain an asymptotic formula with a 
local estimate of the remainder term for computing p(x) as \x\ — > oo. This problem is solved 
in Theorem 11.41 which is the main result of the present paper, as follows: 

Theorem 1.4. Suppose q(x) G H. Then for all \x\ ^> 1 estimates f!1.16|) hold, and we have 
the following relations: 



/3(x) = exp(-c _1 A/A?(x)) + sup F(x) < — A(x) = [x - d(x),x + d(x)}. (1.20) 

teA(x) \/k(x) 

We give here Theorem 11.51 containing a more detailed variant of formula ()1.19j) which is 
intended for the following particular application. We plan to apply ()1.19|) for constructing 



P(^) = ^ Z (l+^(^)) 



e(x)\ < c/3(x). 



(1.19) 



Here 
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approximations to the solutions of the equation 

-y"(x) + q{x)y(x) = f{x), xER (1.21) 

with f(x) G L P (R), p G [l,oo] (Loo(i?) := c(R)) and q(x) G H. To solve this problem, we 
need a more detailed version of Theorem 11.41 It is convenient to state it here as a separate 
assertion. First note that the functions q(x) G H have the following property. For every 
q(x) G H there is an absolute positive constant C3 such that (see §2, Lemma f2.7|) 

C3 1 d{x) < d(t) < c 3 d(x) for \t - x\ < y/k(x)d(x), x G R. (1.22) 

We introduce some notation: 

d = supd(x), (1-23) 

x&R 

Vl (x) =4[F(x) + v ^exp(-(3c 3 )- 1 v / A : M)], x G R, (1.24) 



x G R. (1.25) 

Theorem 1.5. Suppose q(x) G H and d < 00. Denote by Sq a point on the number axis 
such that for all \x\ > Sq the following inequalities hold (see ()1.12j) and (|1.16|) ): 

k{x) > 6Ac 2 2 , r]!(x) < 10~ 3 , (1.26) 

and set si = So + do + 1- Then the following relations hold: 

\p'(x)\ < r]i(x) for \x\ > si, (1-27) 

d(x) 

p( x ) = -±-L(l + e ( x )) i \ £ (x)\ < r] 2 (x) for \x\ > s ± . (1.28) 

Remark 1.6. Theorems II .41 and II .51 will be proved together in §§2-4. Each section contains 
a separate part of the proof accompanied by necessary comments. The proof of formula 
(|1.19J) for a concrete equation, along with technical details, is contained in §8. 

Let us now compare Theorems ll.3l and ll.4l Theorem ll.3l contains the requirement q[x) > 1 
for x G R which is not contained in Theorem 11.41 This restriction is not essential since 
relations (jl,17|) - ()1.18|) can also be obtained by the method of [H] using only condition (jl.2j) 
and the condition q(x) G H. Nevertheless, in order to reveal the principal difference between 
Theorems 11.31 and II .4| in our comments below we assume that the condition q(x) > 1, x G R 
holds true. This convention immediately implies that a new "local" version of ()1.19jl - ()1.20|) of 



772 [x) 



65 



sup F(t) 

teA(x) 



c 3 exp 



(303^) 1 y/k(x) 
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asymptotic estimates at infinity for the function p(x) is obtained under the same assumptions 
on which, in Theorem ESI only guaranteed a "non- local" form of estimates flTT7j) - (fr~T8j) . This 
"qualitative" advantage of Theorem 11.41 with respect to Theorem II .31 is evidently important 
for solving theoretical problems related to the properties of the function p(x) at infinity. 
However, when applied to concrete equations, a "general quantitative advantage" of relations 
()1.19j) - (jl.2()j) with respect to (|1.17j) - (jl.l8j) turns out to be more important. 

This advantage can be expressed as follows: the asymptotic formula (jl.l9j) - (jl.2())l can be 
viewed as a refinement of the asymptotic formula ()1.17j) - (jl.l8j) in the class H. To justify 
that, note that Theorems 11.31 and 11.41 differ only in the functions a(x) and (3{x) which give 
an estimate of the same remainder terms e(x) in the asymptotic formula 

P(z) = (1 + , I,™ e(x) = 0. (1.29) 

A \ x \— >0 ° 

Here both functions are constructed by the function q(x), x G R, are continuous for x G R 
and satisfy the relations 

< (3{x) < a(x), x eR, lim a(x) = lim (3(x) = 0. (1.30) 

\x\— >oo I a; | — >oo 

Denote 

L= sup lim (1.31) 

We say that the asymptotic formulas (|1.17J) - (|1.18J) and ()1.19|1 — (|1.20|1 are equivalent in the 
class H if L < oo. If L = oo, we say that the asymptotic formula ()1.19|) - (jl.2U|) is a refinement 
of the asymptotic formula (|1.17|) - (|1.18J) in the class H. With this terminology, the following 
assertion give the main relationship between Theorems 11.31 and 11.41 

Theorem 1.7. The asymptotic formula p.l9j) - (jl.2()|) is a refinement of the asymptotic 
formula ()1.17j) - (jl.l8)) in the class H. 

We give here an example of an application of Theorem 11.41 Consider a Riccati equation 

y'(x) + y{xf = q(x), x G R. (1.32) 
In §6, we prove the following theorem which complements one of the results of jlj. 



Theorem 1.8. Suppose q(x) G H. Then the following assertions hold: 
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A) There exists a unique solution yi(x) (jj2(x)) of equation ()1.32j) defined for all x € R 

and satisfying the equalities 

lim yi(x)d(x) = lim yi(x)d(x) = — 1 

(1.33) 



lim y 2 (x)d(x) = lim y 2 (x)d(x) = 1 I . 

5— oo x— >oo y 

B) Let y+(x) be a solution of p. 32)1 defined on [c, oo) /or some c. JTien y+(x) ^ yi{x) 
if and only if 

lim y + (x)d{x) = 1. (1.34) 

x— >oo 

C) Let y~(x) be a solution of (|1.32|) defined on (— oo, c] /or some c. T/ien y~{x) ^ y2{x) 
if and only if 

lim y_(x)d(x) = —1. (1.35) 



X— > — oo 



Note that an example of Theorem 11.81 is contained in §8. 

Acknowledgment. The authors thank Prof. Ya. M. Goltser and Prof. Z. S. Grinshpun for 
useful discussions. 

2. Technical assertions 

In this section, we present some auxiliary assertions on the properties of the function d(x) 
(see p. 11)1 ). Most of these lemmas were obtained in [3] under the assumption 

1 < q(x) G L\ oc (R), xeR. (2.1) 

To pass from condition 1)2.1)1 to condition p. 2)1 . we have to prove that the "old" assertions 
remain true under the "new" assumptions. Our new proofs are simpler and shorter than the 
previous ones and significantly differ from those presented in [Sj. 

Lemma 2.1. Ch.I, §5] For every given x £ R, equation p. 1)1 has a unique solution in 
d>0. 



Proof. The functions 

2 



x+d 
x—d 



(fi(d) = <pi{d)= / q(t)dt, d£(0,oo) 



have the following properties: 

1) the function <pi(d) is monotone decreasing from infinity to zero on (0, oo); 

2) the function <j>2{d) is non- decreasing and non-negative on (0, oo) and, in addition, 
lim ip2(d) = oo (see p.2jl ). 

d— >oo 
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From l)-2) and the continuity of the two functions, it follows that their graphs intersect at 
one point. □ 

Lemma 2.2. For every x G R, the inequality rj > d(x) (0 < rj < d(x)) holds if and only if 

S(v) > 1 (S( V ) < 2), S(rj) = f V [ X+V q(t)dt. (2.2) 

J x—rj 

Proof of Lemma \2.Sl Necessity. 

If V > d(x), then S(r}) > S(d(x)) = 2. 

Proof of Lemma \2.°A Sufficiency 

Assume the contrary: S{rj) > 2, but r/ < d(x). Then 2 < S(rj) < S(d(x)) = 2 =>- S(rj) = 2. 
Hence i] = d(x) by Lemma f2 .11 Contradiction. □ 

For a given x G R, consider an equation in d > : 

rd rx+t 

G(d) = 1, G(d) = / / q{Z)d£dt, d>0. (2.3) 

JO Jx-t 

Lemma 2.3. For every x G R, equation (12.3)1 has a unique positive solution. Denote it by 
d{x). The function d{x) satisfies the inequalities 

d(x) < 2d(x) < 3d(x), x G R, (2.4) 

px+d(x) 

1 < d(x) / q{t)dt, x G R. (2.5) 

J x—d(x) 

In addition, d(x) has a continuous derivative for x G R, and 

*d(x) 



\d'(x)\ < d(x) 



(q(x + t) -q(x-t))dt 



xeR. (2.6) 



Remark 2.4. The function d(x) was introduced in pP under condition (|2.1|) . 

Proof. Clearly, G(d) is continuous for all d > 0. In addition, G(0) = and G(d) —>■ oo as 
d — > oo since (see (jl.2j) ) 



Jd/2 Jx-t 2 J x _d/2 

Since we have, in addition, 

G'(d) = I q{i)di > 0, xeR, d>0, (2.7) 

a;— d 

equation ()2.3|) has at least one solution do > 0. 
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The obvious relations (see (j2? 

i>d rx+t rx+d 

1 = G(do) = / / q(Od£dt < d / q(£)d{ = d G'(d ) (2.8) 

Jo J x—t J x— do 

implies that G'(do) > 0, and therefore do is a unique root of (|2.H|) . Denote it by d(x). From 
()2.8|) and Lemma f2.2[ it follows that d(x) < 2d(x) since 

2 = 2G{d{x)) < 2S(d(x)) < S{2d{x)). 

The second inequality in ()2.4|) also follows from Lemma \2. 21 

2 = 2G(d(x)) > 2 / / ff (e)de* = -d(aO / g(0# = S 

J2d(x)/3Jx-t A Jx-2d(x)/3 V d 

Finally, the estimate ()2.5|) coincides with ()2.8jl . and it remains to check (|2.6|) . Let us 
regard <i(x) as an implicit function, i.e., as the positive solution of the equation 

fZ rx+t 

F(x,z)= / / q(£)d£dt - 1 = 0. (2.9) 

J0 Jx-t 

In a neighborhood of the point (x, o?(x)), the function F(x, 0) is continuous together with its 
partial derivatives 

fZ fX+Z 

F' x {x,z)= \ (q(x + t)-q(x-t))dt, F' z (x,z)= / 
In addition, according to (j2.fi j) . we have 



px+d(x) 1 
lz=d{x) lx-d(x) - d(x) 



Hence d(x) is different iable, and 

fx+d(x) rd(x) 



px+a(x) r a \x) 
= d'(x) q{O d C + {q{x + 1) - q{x - t))dt, x E R. (2.10) 

Jx-d(x) JO 



1 x—d(x) 

From (|2~TU|) and (|23)) . it now follows that 

\d'(x)\ r +i{x) 



px+d(x) fd{x) 

<\d\x)\ q(Z)d£= / (q{x + t)-q(x-t))dt 

d(x) Jx-d(x) Jo 



□ 



Corollary 2.5. If q(x) E H, then 

2k(x)\d\x)\ < 3c 2 . (2.11) 

Proo/. From (fT"T2|) and (J23J, we get 

3 

< < fc(a;)d(a:), x E R. (2.12) 
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Therefore, according to (|2.16|) . (jl.l4j) and (|2.12jl . we have 



d(x) 



(q(x + t) — q(x — t))dt 



< 



3 1 



2k(x) 



k(x)d(x) sup 

ze[0,k(x)d(x)] 



(q(x + t) — q(x — t))dt 



< 



3co 



2k{x) 



□ 



In what follows, we often us an obvious general assertion which, for convenience, will be 
stated as a separate lemma. 

Lemma 2.6. Let ip(x) and ip(x) be positive and continuous for functions f G R. If there 
exists an interval (a, b) such that 

c^ 1 ip(x) < ip(x) < ap(x) for all x (a,b), (2-13) 

then inequalities (I2.13J1 remain true for all x G R (perhaps after replacing with a larger 
constant). 

Proof. The function f{x) = is continuous and positive for x G [a, b\. Hence its minimum 
m and maximum M on [a, b] are finite positive numbers. Let c = max{c, m -1 , M} where c 
is the constant from (j2.13j) . Then c~ l ip(x) < ip(x) < dip(x) for x G R. □ 

Lemma 2.7. Let q(x) G H and 

u(x) = [u~(x), u + (x)] = x — \/k(x)d(x),x + y/ k(x)d(x) , x G R. (2-14) 

Then there exists an absolute positive constant C3 such that for all x G R and t G u)(x), the 
following inequalities hold: 

c z l d(x) < d(t) < c 3 d(x). (2.15) 
Proof. By f!1.12jl . there is Xq ^> 1 such that k(x) > 36(ciC2) 2 for \x\ > Xq (see ()1.13j) and 

(HH). 

In the following relations, we assume that |x| > Xo, t G u(x) and use (|2.11j) . ()1.13j) and 
(HI: 



\d{t) - d{x) 



< 



< 



3c 2 



d^ 



^ 3cic 2 \t — x\ ^ 3cic 2 d(x) ^ 3cic 2 t / s ^ d(x) 

< ; ; r < ; < d(x) < 

~ 2 k(x) ~ 2 ^fk(x) ~ yfk{xj K ' ~ 2 

=>> 2~ 1 d(x) < d(t) < 2d(x) for t G u(x), \x\ > x . (2.16) 
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Denote 

<p(x) = d(x), ^i(x) = min d(t), i>2{x) — max d(t), x G R. (2-17) 
With the notation of (|2.17jl . inequalities ()2.1(ij) have the following form: 

2~ 1 <p(x) < ii>i(x),if> 2 (.x) < 2cp(x) for |x| > x . (2.18) 
According to (|2.18jl . from Lemma [2.61 it follows that there exists a constant c such that 

c~ l ip(x) < ipi(x) , ip 2 (x) < c<p(x) for x e R. (2-19) 
The estimates f!2.19|) immediately imply the inequalities 

c~ l d{x) < d(t) < cd(x) for t G u(x), x e R. (2.20) 

The relations (j2~TH|l with c 3 = 3c follow from (|2~27IJ) and Q: 

d(t) d(t) d(t) d(x) _ 3 „„ 

-T7-4 = • ^ • ITT < 2-c- - = 3c for tGwi, x £ R, 
d(x) d(t) d(x) d(x) - 2 

d(t) d(t) 2 111 

7 H = ^-^-itt > o---^ = ^ for te u(x), xeR. 
d{x) d(t) d{x) d{x) ~ 3 c 2 3c 

□ 

Lemma 2.8. Under condition ([1.2)1 . we /iai>e 

lim (x + (i(x)) = — oo, lim (x — = oo. (2-21) 

X— >— (X) x-— >oo 



Proof. The equalities in ()2.21|) are checked in a similar way. Let us prove, for example, the 
second one. We show that 

\im(x-d(x)) = oo. (2.22) 

Assume the contrary. Then there exists a number a & R and a sequence {^ n }^=i such that 

x n — d(x n ) < a for n <E N and x n — ► oo as n — ► oo. (2.23) 

From ()2.23|1 it follows that there is n 3> 1 such that for all n > n , the following inequalities 
hold: 

(a \ x 
1 > — , n>n . (2.24) 
x n J 2 

Then using jOl and ffl~TT|). we get 

2 = d(ar n ) / q(t)dt > / g(t)dt — > / (2.25) 



<f(a:„) 2 J a X n J a 
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Clearly, (pT23jl and ||ZZB|) contradict ([Ojl . which leads to (J222J). But this implies the 
statement of the lemma because 

oo = lim (x — d(x)) < lim (x — d(x)) < oo =>- lim (a; — d(x)) = lim (x — d(x)) = oo. 

X^OO X^rOO X^OO X^OO 

□ 

3. Main asymptotic formula 
In this section, our goal is to prove the following assertion. 

Lemma 3.1. Suppose that condition ()1.2|) holds and 

lim p\x) = 0. (3.1) 

|a>|— »oo 



Then we have 



P(?) = + lim e(x) = 0, (3.2) 

z \ x \— *°° 



and £/ie following relations hold: 

\e{x)\ < ch(x), h(x) ^ as \x\ — > oo. (3.3) 

Here 

= sup |p'(t)|, A(x) = [A~(x), A + (x)] = [x - d(x),x + d(x)}, x e R. (3.4) 
teA(x) 

Denote by z a point on the number axis such that (see (JHHJ) 

|p'(x)| < KT 3 for all |x| > z . (3.5) 

Suppose that in addition to (jl.2|) . (|3.1|) . we have d < oo (see (|1.23|) ), Then equality f)3.2j) 
holds, and 

\e(x)\ < 18h(x) for |x| > zi, Zi^z + d + l. (3.6) 
To prove Lemma 13. H we need the following auxiliary assertions. 

Lemma 3.2. For x G R the following relations hold: 

|p'(x)|<l, (3.7) 



v'(x) _ 1 + p'(x) u'(x) _ 1 - p'(x) 
v{x) 2p(x) ' u(x) 2p(x) 



(3. 
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Proof. Let us show that (see (|1.3jl ) 

v'(x) > 0, u'{x) < for x e R. (3.9) 
For a given a; G R, by (jl.2|) there exists a G (— oo, x] such that 

g(t)rft > 0. 



Then from (jl.2|) and ()1.3|) it follows that 

v \x) = v'(a) + [ q(t)v(t)dt > I q(t)v(t)dt > v(a) I q(t)dt > 0. 



The second inequality from (j3.9J) can be checked in a similar way. To prove ()3.8|) . it suffices 
to differentiate ([0]) . Inequality (jSH|) follows from and (j3~H]l . □ 

Lemma 3.3. For x & R, we have 

l + p>(A+(x)) l-p'(A-(x)) _ exp / 4 /• g(t)p(t)dt /" _dfe_\ (31Q) 



1 - p'(A+(x)) 1 + p'(A-(x)) " V Aw 1 - P'(t) 2 Ja( x) P(t) 
Here A(x) = [A"(x), A + (a;)] = [x - d(x),x + d{x)}. 

Proof. From and (fI~T|) for t G R, it follows that 

/WN v"(t) ,.v(t) , */(A+(x)) /" q(t)v(t)dt 

v"(t) = q(t)v(t) -A>=q(t)-^ =► Zn- - ' J 



</(*) ^V(t) i/(A"(x)) 7 A(I) 

. . . . u"(t) , u'(A+(a;)) /" q(t)u(t)dt 

u"(t)=q(t)u(t) -A( = g(t)-A^ Zn- ; 



* w u'(t) u'(A-(a;)) y A(a!) u'(t) 

These inequalities imply 

v'(A+(x)) u'(A-(x)) {[ rs fv(t) u(t)\ \ 

exp / q (t)l-U---U-)dt), xeR. (3.11) 



t/(A-(rr)) ti'(A+(s)) " VW WW "'</) 
When substituting (JSSD into (jHHJ, we get 

l + p'(A + (x)) l-p'(A _ (x)) u(A+(a:)) u(A"(x)) 



l-p'(A+(*)) l+p'(A-(x)) «(A+(x)) «(A-(i)) *Wa W 
Furthermore, according to (jl.9j) we have 

V(A+iX)) - exp f * 1 , 4^ - exp f / A_W * |, x £ R. 



u(A+(x)) r\J X0 p{t) J' u(A-(x)) ^\J X0 p(t) 

(3.13) 

To prove (|3.1U|) . it remains to substitute f)3.13j) into ()3.12j) . □ 

Lemma 3.4. Suppose that condition (jl.2j) holds. Then 
5 

p(t)<-d(x) for t G A(x) — [x — d(x), x + d(x)), x G R. (3.14) 
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Proof. By Lagrange's formula, 

p(t) = p(x) + p'(£)(t- x), t G A(x), x G R. (3.15) 

The point £ in (|3.15j) lies between i and x. Then (|3.15j) . together with (|3.7j) and (JHUDJ), lead 
to flinU): 

3 5 
p(t) < p(x) + |p'(f)| \t - x\ < p{x) + d(x) < -d(x) + d(x) = -d(x). 

□ 

In the sequel, we assume that conditions (jl. 2)1 and (|3.1j) hold and do not mention them in 
the statements. 

Lemma 3.5. For all \x\ ^> 1, the following inequalities hold: 

q{t)p{t)dt p{x 



In addition, if d < oo (see (jl.23j) ). t/ien ()3.16|) holds for all \x\ > z\ (see (|3.6JI ). 
Proof. In the following transformations, we use the definition of d(x) (see (11.11)1 ): 

r q (t )P (t)dt i (t) m+A f mmmi dt 

= Ap{x) [ q{t)dt + 4 / q(t)(p(t) - p{x))dt + 4 / «@£®^ dt 
JA(x) JA(x) JA(x) 1 — P K 1 ) 

= !rT +4 / »(«>W«)-P<*»*+4/' y ff ^ » 6 «• (3-17) 
Below, in the estimate of the first integral of ()3.17jl . we use ()3.15j) and the definitions of 
h(x), A(x) and d(x) (see (JH3J), <fTTTT|> ): 

I / q{t){p{t) — p{x))dt < 4 /" q(t)\p(t) - p(x)\dt = A [ q(t)\f/{£)\ \t - x\dt 

A(x) J A(x) J A(x) 



< Ah(x)d(x) / g(t)dt = 8/i(z), x e R. (3.18) 

iA(i) 

Let us estimate the second integral from ()3.17)) . From ()2.21)) . it follows that there is 
z ^> z (see ()3.5)) ) such that 

A(x) D [-z , ^o] = for |ac| > z . (3.19) 

In particular, if d < oo (see (II. 23)) ). then one can set z := Z\ = z + d + 1 (see ()3.6)0 . 
Indeed, with such a choice of z , we have 

1) if x < -Zq =>• x + d(x) < -z + c?(^) = -^o - 1 + d(x) - d < -z =^ ()3.19)1 

2) if x > -zq =5> x - d(x) > z - d(x) = z + 1 + d - d(x) > z =>- ()3.19j) . 
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Below, for |x| > z , we use (f3~T9jl . (pTHf . JHHJ) and fTTTj) : 



< 4 



< 



q{t)p{t)p\tfdt < 4 ■ IP" 3 



A W 1 " P'itf 
Ah(x) 5 



1 - 10" 



q(t)p(t)dt 



A(x) 



10 3 - 10" 3 2 



d(rr) 



g(t)tft 



A(a:) 



20/i(x) 
10 3 - 10- 3 



< 0.0201/i(x). 



From (PT271|) and (gUD , we get lETRfll 
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(3.20) 
□ 



Lemma 3.6. For all \x\ ^> 1, we have 

dt 



d(x) 



< 32.16/i(z). 



lA(x) P{t) P{x) 

In addition, if d < oo (see ()1.23|) ), then (|3.21j) holds for all \x\ > Z\ (see (|3.6j) ). 



(3.21) 



Proof. Let be the number from Lemma 1331 In the following transformation, we use (J3.15|) : 



eft 



p(x)dt 



dt 



'A(x) P(t) P(x) J A (x) P(x) + p'(0(t ~ X) p(x) J A(x) 1 + f/(g)jffi' 

Consider the integrand in (|3.22jl . Let us check the estimate 



| 7 (x,^,t)|<4-10- 3 , 7 (x,e,t) = P(0 
Indeed, for \x\ > zq from (|1.10j) . it follows that 



t — x 
p{x) ' 



{,t G A(x), |x| > Zq. 



|t-x| 



< 10 



-3 



dx 



< 4 - 10 



-3 



p(x) p(x) 

Below, for \x\ > z , we use (|3.23|) . (jl.lOj) and the definition of h(x) (see (J3.4|T 

h(x,Z,t)\ < \i(x,^t)\ < hjx) d(x) 
|l + 7 (x,£,t)| " l-| 7 (x,e,t)| " 1- 4.10- 3 p(x) 

99o 



(3.22) 



(3.23) 



(3.24) 



To finish the proof of (JHZEJ), it remains to apply (J3I22J), and (jTTTTTjl for |x| > z 



fit 



fi(a;) 



P(x) Ja(x) 1 + 7(s,£,*) p0*0 



< 



pO) 7a(x) I 1 + 70,£,t)| 



1 dt 



ctfa;) 

< 8.04ft(a;)-H < 32.16/i(a;) 
p(x) 



□ 
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Proof of Lemma \S. 11 Throughout the sequel, we assume \x\ > zq where zq is the number 
from Lemma 1331 Consider (j3.10j) . In the following estimates, we use (13.5)1 and the definition 
of h(x) (see flU): 



l + p'{A+{x)) l-p'{A-{x)) 



l-p'(A+(x)) l + p'(A-(x)) 



1 



2\p'(A+(x))-p'(A-(x))\ 



< 



+ A'(A~(x)) - p'(A+(x)) - p'(A-(x))p'(A+(x))\ 
4h(x) 



1 - 2.10- 3 - 10" 6 



< A.009h(x) 



l + p'{A+{x)) l-p'{A-{x)) 



l + 5 1 (x), |5i(x)| < 4.009/i(x), \x\>z . (3.25) 



l-p'(A-(x)) l + p'(A-(x)) 
Below, in the transformation of the exponent in ()3.1()|1 . we use inequalities (J3.16)) and 

flUED: 



4 



q{t)p{t)dt 



< 



q(t)p(t)dt Sp(x) 
A(x) 1 - P'(t) 2 d(x) 



+ 



dt 

A(x) P(t) 

dt 2d(x) 



$p(x) 2d(x) 



d(x) p(x) 



4 



q(t)p(t)dt 



A(x) P(t) P( x ) 

dt Sp(x) 2d(x) 



a(x)1-P'W 2 JA(x)P(t) d(x) p(x) 
\5 2 {x)\ <40.2h{x), \x\ > z . 



< (8, 0201 + 32.16)%) < A0.2h{x) 
+ S 2 (x), 



Thus, (see (J3.25)) and (J3.26)) ) equality (J3.10)) is reduced to 
1 + 6 1 (x) = exp ( 8^rl - 2^4 + U< 



d(x) p(x) 

From Lagrange's formula, (J3.5j) and 1)3.25)1 it follows that 

Si(x) 



\x\ > Zq. 



(3.26) 



(3.27) 



Zn(l + (Ji(x)) 



t e (-\5 x {x)l\5{x)\) 



ln(l + 5 1 (x)) = 6 3 (x), \6 3 {x)\ < 



Mx)] 



< 



4.009/i(x) 



1 - |5i(a;)| ~ 1 -4.009- lO" 3 
According to ()3.27j) and ()3.28j) . we now obtain 



<4.03h(x). (3.28) 



. . . 8p(x) 2d(x) . . . 



\x\ > z 



8p{x) 2d(x) 



d(x) p(x) 
Let us rewrite ()3.29j) in the following way 



5 4 (x), \8 A (x)\ < \5 2 {x)\ + \5 3 {x)\ < U.23h{x), \x\ > z . (3.29) 



p(x) 



d(x) 



1 + 6i(x) 



2d(x) 



Denote 



a(x) = S^x) 



P(x) 
2d{x) 



\Si{x)\ < U.23h(x), \h\ > z . (3.30) 



\x\ > zq. (3.31) 



DAVIES-HARRELL REPRESENTATIONS, OTELBAEV'S INEQUALITIES... 17 

Below, in the estimate of we use (|3.30J) and (jl.lOj) : 

\a(x)\ < \6Jx)\Jr£rr < 44.23 • -h(x) < 33.2h(x) < 0.0332. (3.32) 
2d(x) 4 

Therefore, from (l3~30l . (EOTl) and (l3~32l . we get 



P( x ) — -ir— a/ 1 + ot(x), \x\ > z . (3.33) 



Furthermore, since 



v 1 / v 



^ =1+ 2~2[Tnm for 1 + v£0 ' (3 ' 34) 



from (l3~52]) and (jS31, we get 



^\Ta(x) = l+e(x), \e{x)\<^^ + \ 



a(x) 



x| > Zq. (3.35) 



2 2^1 + ^/TT^M 
In the following estimate of |e(x)|, we use (I3.35jl . ()3.32j) . ()3.30|1 and fjl . : 

, \a(x)\ \a(x)\ 2 . . . ,|l + |a(a;)| 1 + 0.0332. ... . . ., 

\e(x)\ < L Y 1 + = Wx)\- ^ < 2 Hx)l = °' 5166 H X )I 

= 0.5166|5 4 (x)|-^P- < 44.23 •-• 0.5166/i(x) < 18h(x), \x\ > z . (3.36) 
2d(x) 4 

Lemma 13.11 now follows from ()3.33|) , (j3.35|) and ()3.36|) . □ 

4. Proof of the main result 

In this section we finish the proof of formula f)1.19j) . Note that this part more or less 
coincides with the corresponding fragment of [3] and is reproduced here, with minor changes, 
only for the sake of completeness. 

Lemma 4.1. For x G R, we have the inequality 

\ P '(x)\<\x(x)-l\, (4.1) 

v(x) \u{x)\ 

Proof. From (|L"3|) . (Ol) and (Q, it follows that 

|p'(a;)| = \v'(x)u(x) + v (x)u'(x)\ = \u' (x)\v(x)\x(x) — 1| < \>c{x) — 1|. 

□ 

Lemma 4.2. For x G R, the formula 

y (t) =v\x)u(t) -u'(x)v(t), teR (4.2) 
determines the solution of the Cauchy problem 

y"{t) = q(t)y(t), t G R, (4.3) 
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y(t) \ t= = i, y'(t) \ t= = o. (4.4) 

In addition, the following inequalities hold: 

y'(t) < for t<x; y'(t) > for t > x. (4.5) 

Proof. Let us check (|4.5jl for t > x. (The other assertions of the lemma immediately follows 
from the properties of the PFSS {u(x), v(x)} of equation (see (jl.4|l .) Let us show that 
y(t) > for t > x. If this is not the case, let xq be the smallest positive root of the equation 
y (t) =0 (x > because of (Oil ). Then 2/(^0) < 0. Indeed, if y'^o) > 0, then y(t) < 
for t < xq because y(xo) = 0. But then (J4.4J) implies that the equation y(t) = has a root 
in the interval (0,Xo) which contradicts the definition of Xq. Thus y'(xo) < 0. On the other 
hand, from ()4.3|) it follows that 

y'(x ) = [ ° q(0y(0d£ > y'(x ) = 0. 

Hence y{t) = because y(xo) = y'(xo) = 0. Contradiction. 

Since y{t) > for > x, according to (jl.2|) and ()4.3|l - ()4.4|l we get 

y'(t) = [ q(0y(Z)<% > for t>x. 
Jo 

The case t < x is treated in a similar way. □ 
Let q(x) G H. Let us introduce the functions (see (J2.14|0 

u(t) = y(t) / v(t) = y(t) / — ^, t E u(x), xeR. (4.6) 



jt y(0 2 ' Jw-(x)y(0 2 ' 

In ()4.6|) . we assume that y(t) is the solution of the problem ()4.3|) - ()4.4|) . 

Lemma 4.3. The functions ()4.fj|l are solutions of equation ()4.3|) and satisfy the relations 
u(uj + (x)) = v{u~{x)) = 0, m(£)>0, i5(*) > for teu(x), (4.7) 

5 , (t)n(t)-n , (t)5(t)= / - 7 |-, (4.8) 

Proof. The relations ()4.7|) are obvious. Equality ()4.8|) is checked by a straightforward calcu- 
lation. □ 



Lemma 4.4. For x G R, we have the equalities 

v(x) 



v'(x) 



V\X) 



1 _ v(u (x)) 



(4.9) 
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u(x) 
\u'(x)\ 



U[X) 



u{u + (x)) 1 
u(x) y{uj + (x)) 



-i 



(4.10) 



Here y(-) is the solution of problem (|4.3jl - (|4.4|) . 
Proof. The equalities (|P)l - (j4~TUf follow from flTHJ) . (jO) and (l4~Kl) . For example, 



f X 



/(x)exp (- fj 



— u'(x 



t>'(x) 



d 



u'(x)exp ( - / -^y ) -u'(x) 



-1 



v'lxj 

1 



t>'(x) exp 



? ds 



xo P( S ) 



— u'(x) 



I LU~ (x) 

1 «(0 | 



v'(x) v'(x)u(£) - u'(x)v (£) lw W d'(x) ( s ) 



t>(x) — 



v(lu (x)) 
y(uj-(x)) 



v\x) 



v'(x) 



\ _ v(u 0*0) 1 

v(x) y(uj-(x)) 



The equality ()4.10|) is checked in a similar way. 
Lemma 4.5. Suppose q(x) G i/. T/ien /orx & R we have the equality (see (j2.15j) : 



□ 



V X MIX 



" U) n , ( \\ \ f v ^ /ii— ( 
-(1 + i/(x)J, |z/(x)| < V0C3 exp 1 



/'(•'•) \ 3c 3 



(4.11) 



Proof. By Lemma 14. 4^ to prove f)4. 1 lj) it is enough to show that for x G R, the following 
inequality holds: 

v{uj~(x)) 1 w(c<j + (x)) 1 



max 



v(x) y(uj~(x)y u(x) y(uo + (x)) 

By (|Q|) . Q|) . (dmH) and (l2~T5T) . we have 
u(u; + (x)) 



< v6c3exp 



3c 3 



(4.12) 



1 < w +(x)) 



m(x) y(cj + (x)) m(x) 



' p(uj+(x)) d(u+(x)) d(x) 
d(uj + (x)) d(x) p(x) 



exp 



oj+(x) 



d(0 d(x) d£ 



/3 / 1 r +(x) 2 1 d£ 

- A/ 2- C3 " 4eXP -2X 3*d£) 



P (0 d(0 d(x) 

V^(xl 



'6C3 exp 



3c 3 



The second inequality of ()4.12|) is checked in a similar way. 



□ 
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To study u(x)/v(x), let us look at the solution y{t) of problem (J4 
than in Lemma f4. 21 Suppose q(x) G H. Denote 



X{x) = [0, y/k(x)d(x)], x G R. 
In problem (J4.3j) - (J4.4)) . we change variables: 

yi(x)=y(x-z), zexW, 



- 1)4.4)1 more closely 
(4.13) 

(4.14) 



y 2 (x) =y(x + z), zex{x). (4.15) 

It is easy to see that 2/1(2) and 2/2(2:) are solutions of the following Cauchy problems, respec- 
tively: 

y'l = q{x-z) yi {x), 2/i(0) = 1, y[(0) = 0, (4.16) 



y% = q(x + z)yi(x), 2/2(0) = 1, y ' 2 (0)=Q. 



(4.17) 



Lemma 4.6. Suppose q(x) G i?, and /et to ^ e a positive number such that k(x) > 64c 2 , for 
all \x\ > t (see ()1.12|) . p. 14)) ). Then for \x\ > t and z G x{ x ) ( see Q4.13|) ). t/ie following 
relations hold: 



yo(z) y(x + z) , . , / m . . 1.2c 2 



(4.18) 



Proof. Let us introduce some notation 

M V2{z 



<p(z)= (q(x + £)-q(x-£))dt, 1>(z) = wpx.Mt)\, z G x( x )- (4.19) 
2/1(2) Jo *e[M 

By f)4.5)) . we get 2/1(2) > 0, 2/2(< 2 ) > for 2 > 0. Therefore, we also have [2/1(2) • 2/2(2)]' > 

for z > 0. Integrating by parts, we get 

W(z)\ 







1 




dz 


W(z)J 


2/i(^) 2 





< — mz)\ 



< 



yi(z) 
yi{z) 



< 2ip(z 



yi(z) 2 
2/1O) 2 



(q(x + 0-q(x-£)) yi (!;)y 2 (0<% 



V>0) + 

) V2{Z) _ 

y\{z) 



Hz) 

yi{z) 



<yi{z)v»(z) - 1) 



2if>(z)l3(z), z G X (x). 



(4.20) 
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Since for z G x( x ) the function tp(x) satisfies the inequalities (see ()1.14l 



if)(z) = sup 
te[o,z] 



f {q(x + £) - q{x - < sup f ( q ( x + £) - q(x - 

Jo texM Jo 



< 



F(x) 



y/k(x)d(x) ' 
by (|4.21J) we can continue estimate (|4.20jl : 



(4.21) 



2F(x) 



-P(z), z e x(x), x e R 



X 



2F(x) < (m < 2F(x) 



^/kjx)d(x) ~ P(z) ~ ^fk(x)d(x)' 
Since /3(0) = 1, from (gjZZD we get 



z G x( x )j x E R. 



(4.22) 



exp(-2F(x)) < P{z) < exp(2F(x)), z G x( x ), x (E R. (4.23) 
Let us check that F(x) — > as \x\ — > oo. According to ([1.14)1 and ([1.150 . we have 

(g(x + 1) — q(x — t)dt 



F(x) = \/k(x)d(x) sup 



< 



k(x)d(x) sup 

z6[0,fe(x)ti(a;)] 



(q(x + 1) — q(x — t))dt 



< 



("2 



xeR (4.24) 



=4> F(x) ^ as \x\ -> oo. (4.25) 
Let now |x| > to- Then from the assumption of the lemma and ([4. 241) . it follows that 

a{x) A ^2F{x)<^= <- |*| > t . (4.26) 

y/k[X) 4 

From (j4.26|l . we get 



„_ . . ^ (a(x)) n _ . . a(x) 2 ^ / a(x) 

e ax = l + a(x) + -^r~ < 1 + a(x) + ^ ' 



n=2 



2 ^ \ 2 

k=0 



1 + a(x) + , < 1 + a(x) + t(a(x)) 2 < 1 + a(x) + ^ < 1 + l.2a(x). (4.27) 

2 — ot(x) 7 7 



The lemma follows from (jOfij) . fQZj) and (jQ3)l . 



□ 



Lemma 4.7. Suppose q(x) G i?, Zet ?/(£) 6e t/ie solution of problem ([4.3)1 - ([4.4)1 . and /et to fre 
t/ie number from Lemma \4-6] Then for \x\ > to, t/ie following relations hold (see ([2.14)1 ): 



v(t) 



aj~ (x) 



|r(x)|<3.6F(x)<4^ 



(4.28) 
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Proof. By the definition of to, for \x\ > to and z G x( x )> we have the following estimate for 
|7(*)| (see AOS]) ): 



| 7 (z)| < 1.2F(x) < < 1.2 • 1 = 0.15. 



(4.29) 



From (jUIHl) and IfOty . we get 

i-(x) dt ^v^dx rfz 



</(*) 2 



fe(;r)rf(x) 



f/2 



y(x + 2;) 2 7 (l + 7(z)) 2 ?/(a;-z) ; 



y(x - ^) 2 7 



7(f 



r 71 J (i + 7 W) 2 2/(*-*) 2 \Jo 



f k{x)d{x) ^ z 



(1 + "f(z)) 2 y(x — z) 2 

k(x)d(x) j z 



y(x - zf 



def 



(l + r(x)) 



?/(x — z) 2 



^ \*\>U (4.30) 



It remains to prove the estimate \r(x)\ from ()4.28|) . We use relations ()4.29j) and (j4.18|) : 

\t(x)\ < max | 7 ( g )| -£±^L < i.2F(x)^ < 3.6F(x) < 



2 exW (l + 7(z)) 2 



0.85 2 



x 



□ 



Lemma 4.8. Suppose q(x) G if, and Zet to be the number from Lemma \4-6] Then for 
\x\ > to ? the following inequalities hold: 



\p'(x)\ <3.6 



-F(z) + \/c3exp 



3c 3 



. 1 t C2 + C 3 y^ 



(4.31) 



Proof. Below when estimating x(x), we use (|4.11jl . ()4.fi|) and (|4.28j) : 



dt 



, , t/(:e) w(x) u(ar). , XN f u {x) dt 
x(x) = — Hr . ;, = -^7-4(1 + ffa)) = / -77, , , 

def 



(1 + !/(*)) 



(l + r(x))(l + z/(x)) = l + r(x) + z/(x) + r(a;)z/(a;) = l+/i(x), |x| > t . (4.32) 



From (g2HD and (jOHjl . we get 
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Inequality (jOSj) . together with (jO^l . (jQEj) and (gTTTJ) , lead to the estimates: 

\fjt(x)\ < \r(x)\ + \v(x)\ + \t(x)\ \u(x)\ < \r(x)\ + 1.45\u(x)\ 

t\/k(x)\ llc 3 ^ 2 
< 4F(x) + -=f= 

< 11 — L. , |x|>t - (4.34) 

y/k[x) 

Inequalities (IOTJ) follow from (IQ4l and (I4~H . □ 

Proof of Theorems \1.4\ and \1.5\ Suppose q(x) G H. Then f |4 . 3 lj) implies ()1.16|) for \x\ ^> 1. 
In addition, ()4.31|) and f)1.12j) lead to (|3.1|) . Hence by Lemma l3~Tl we get ()3.2|) . We estimate 
|e(x)| in ()3.3|) using the estimate for h(x). Below for |x| > 1 we use (|4.31|) ()4.31|) . ()1.13|) and 
fQg) : 



/i(x) = sup |p'(t)| < 3.6 sup F(x) + 3.6a/c3 sup 



tgA(x) ieA(x) teA(a;) V 3c 3 J 

< 3.6 sup F(t) + 3.6^exp (-(Scgc^ 2 )- 1 \fkl~xf) 

< c < sup F(t) + exp ( — 

1 V / M^)) ^ =c/3(x). (4.35) 
[(eA(x) ^ ' J 

From (jOty and (Q, we get (0511 . From (PT24T) and Q31) . we obtain 

j3(x) = sup F(t) + exp (—c~ l ^/k(x)\ < sup 2 H -j= 

teA{x) \ ' teA(x) yk(t) y/k(x) 

C2^/Cl C C 

<^= + ^=<^= (H2DD. 

a/A;(x) a//c(x) A/fc(x) 

Thus Theorem 11.41 is proved. 

To prove Theorem 11.51 we set \x\ > Si > s (see (jl.26|) - (|1.27|l ). Then s > t because 
of (|1.26j) . where to is the number from Lemma f4. 61 Hence |p'( x )l — 10~ 3 according to (|4.31|) 
and ()1.26|) . Formula ()3.2|) is proved similarly to Theorem 11.41 Since f!4.31|) coincides with 
()1.27jh it remains to estimate \e(x)\ using (|3.6p . We use one of the inequalities ()4.35|) and 



obtain: 

\e(x)\ < 18h(x) < 65 I sup F(t) + v^exp (- (3c 3v ^7) _1 \fk(x)) J = 7/2(2;). 

\teA(x) v 1 J 

Theorem 11.51 is proved. □ 
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5. Comparison of two asymptotic formulas 

In this section we prove Theorem 11.71 

Proof of Theorem \l.l\ Suppose q(x) G H and q(x) > 1 for x G R. Consider (jl.l7j) and (jl.l9j) . 
In these relations a(x) and (3{x) are positive, continuous for x G R functions, /3(x) < a(x) 
for x G R and a(x) — > 0, /3(x) — > as |x| — > oo. Therefore the theorem will be proved if (see 

(rem) 

— 

L = sup hm = oo. (5.1) 

q(-)eH \<c\-kx> p[X) 

Note that to prove ()5.1|) . it suffices to give an example of the function q(-) which, on the one 
hand, satisfies the above-mentioned assumptions and, on the other hand, for the functions 
a(x) and /3(x) constructed by g(-) the following equality holds: 

L= lirn" ^4 = oo. (5.2) 

\x\^oo (3{x) 

(Indeed, if ()5.2|) holds, then oo = L < L < oo =r- L = L = oo.) 
Let us construct such a function. Denote 



0~ r . 



r n 



[<x«,<7«) = [n 2 ,(n + l) 2 ), g n =^l + -J, n = l,2,... (5.3) 

Suppose g(— x) = q(x) for x > and 

Jg„ if x G (T n , n = 1,2, ... 
9(I) = \2 if ie[ 0,l). (5 ' 4) 

Clearly, we have 1 < q(x) G L l ° c (R), x G R. We show that q(x) G We need to estimate 
the function d(x). Since 

2 < ?(x) < 3 for x E R, (5.5) 

by (jl.ll|) we have 

rx-\-d(x) px+d(x) 



rx-\-ayx) rx+a(x) | 

2 = d(x) / q(t)dt > d(x) I 2dt = Ad(x) 2 => d(x) < x G R, 

Jx-d(x) Jx-d(x) V2 

px+d(x) px+d(x) 

2 = d(x) / q(t)dt < d(x) I 3dt = Qd(x) d(x) < x E R. 

Jx-d(x) Jx-d(x) \/3 



' x— d(x) J x—d(x) 

Hence 

-4= < d(z) < 4=, x El R. (5.6) 

We introduce the function 

fc(x) = /^' if ! X !- 4 (5.7) 

V ' 1 2, if i <4 K ' 
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Let us check that in case ()5.7)1 all the assumptions of Definition 11.21 are satisfied. From ()5.6j) 
and (|5.7|) . we get relations ()1.12|) and ()1.13j) . In particular, (jl.12)) immediately follows from 
(JUJ). We prove (fTT3jl . Let x > 9. Then 

' - \/-r = r i 1 - -4= I > 9 | 1 - - 1 = (i > I 



=>- [x — k(x)d(x),x + k(x)d(x)] C [a; — z + V 7 ^] j 
[a; - ^x, x + V^] n [-4, 4] = 0. 

Thus for x > 9, inequalities ()1.13|) are true. 

The estimates proved for \x\ > 9 can be easily extended to the whole number axis using 
Lemma l2~6l It remains to check ()1.14jl . Consider $(x) (see (|1.14|) ) for x G cr n , n > 2. Clearly, 
if x G a n , then 

x + k(x)d(x) <x + y/x<(n + l) 2 + n+l<(n + 2) 2 
x — k(x)d(x) > x — t/x > n 2 — n > {n — l) 2 ; 

[x — k(x)d(x), x + k(x)d(x)] C a n _ 1 U a n U cr n+ i for x G cr n , n> 2. (5.8) 
Now from the condition x G cr n and ()5.8j) . ()5.4j) . ()5.7j) . (|5.fjjl and ()1.14j1 . we get 

$(x) = k(x)d(x) sup / (g(x + t) — <?(a; — t)dt 

x£{0,k(x)d(x)] JO 
Tt ~\~ 1 ?2 ~t~ 1 

< -y|-max{|g n+ i - g n |, |g n - • — 

(n + l) 2 

= ~ max{|g„ + i - q n \, \q n - q n -i\} . (5.9) 

Since the following inequalities hold (see [THl Section I, problem 170]): 

< e ~ In < 1 6 ^ 3e /r im 

-2^3 < ?n + i - e < J (2n + 2)(2n + 3) < g " < (2n + l)(2n + 4) ^ iUj 

by (jSU) and l5~T0l . we obtain 

^)< L - F ^ (2 „_ 1)(2n + 2) <g<oo for * £ff „, n>2. (5.11) 

We omit the obvious proof of ()1.14j) using 1)5.11)1 . Thus q(x) G H, and it remains to prove 
(JH2J). Let (see Q ) 



2(> 
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Let us compute sup F(t). Note that if t G A(x n ), then (|5.6J) implies elementary inequalities 

t<=A(x n ) 



t+ y/k(x)d(t) <x n + ^ + Jk(x n + ^^- < (n + 1) 2 for n > 1, 



t - y/k(x)d(t) > x n - ± - , k (x n - ^= > n 2 for n > 1, 



C cr n for £ G A n and n ^> 1. 



t - ^Jk(x)d(t),t + ^k(x)d{t) 
Furthermore, according to ()5.13j) and (|5.4|l . we have 

+ = ?(*-£) = ?» for l£l < *6A(i n ), n»l, 

and therefore sup F(t) = (see (|1.15jl ). By (|1.2()jl . this implies 

teA(x n ) 



(5.13) 



(3(x n ) = exp (-c 1 \/k(x n ) s j 
Now we consider the value 

' k(s)ds 



n > 1. 



(5.14) 



F(s) 



T (+) : 



a/ k(x)d(i 



(q(s + t) -q(s-t))dt 



we have 



Since for t G ^0, y (ai 

<?(^i +) +t) = q n +l, q(e { n ] - t)) = q n , 
using (jSHnj), (EH) and (|577jl . we get 



n + 1 



3 (2n + 2)(2n + 3) 6(2n + 3)' 
The last inequality yields the estimates 

sup F(t) > F(a( +) ) > > — 6 , - , n > 1. 



t>x n -(i(a;„) 

From ()5.15j) and (jl.lSj) . we finally get 



6(2n + 3)' 



a(x n ) > exp f-c 1 y/k(x n f) + 



6(2n + 3) 



Relations ()5.14|) and ()5.15|) imply (|5.1jl . Indeed, 



Qj(a?n) 



> 1 + 



6(2n + 3) 



exp I c 



lim -r, — r = oo 

rw°c (3{x n ) 



L = oo 



71 > 1. 



for n ^> 1 



L = oo. 



(5.15) 



(5.16) 



□ 
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6. Properties of solutions of the Riccati equation 

In this section, we prove Theorem 11.81 Below we use the following assertion. 



Theorem 6.1. [5, §402] The general solution of equation ()1.32|) is of the ft 



orm 



civ'(x) + c 2 u'(x) 
yix) = — -— . (6.1) 

CiV{Xj + C2U{X) 

Here {u(x),v (x)} is a PFSS of equation (jl.lj) . ci,C2 are arbitrary constant, |ci| + [ ca | 7^ 0. 

Proof of Theorem M.tA Let q(x) G H. Set 

/ \ v'(x) , , u'(x) „ 

!/ 2 W = TT, yi(a;) = -^f, x & R. 6.2 
t>(x) w(x) 

Then by ()3.8|) and Theorem II .41 we get ()1.33|) : 

lim y 2 (x)d(x) = lim . d{x) = lim (l + p'(x)); 1 1 



|a;|->oo |as|— >cx3 v(x) \x\-*oo 2p(x) 

lim yi(x)d(x) = lim ^yd(>) = lim (p'(x) - = -1. 

|a;|-»oo |a:|-t-oo |x|->oo ^Pv^J 

Consider the second part of assertion A). Suppose that there exists a solution y(x) of 
equation (jl.33j) which satisfies the following properties of the solution y2(x) : 

1) the solution y(x) is defined for all x G R; 

2) the following equalities hold: 

lim y(x)d(x) = lim y(x)d{x) = 1. (6.3) 



X— > — oo 



Let us show that 1) and 2) imply y(x) = 1/2(2;) for x E R. 
We need the following assertion. 

Lemma 6.2. Suppose that conditions (11.2)1 /10/d, and lety(x) be a solution of equation (Jl. 32)) 
swc/i i/iai w(x) 7^ w(x) 7^ y2{x). Then if the solution y(x) is defined for all x G R, then 

yi(x) < y(x) < y2.{x) for x G R. (6.4) 

Proof. Suppose that y(x ) > 2/2(^0) f° r some x G R. By the hypothesis of the lemma, in 
representation ()6.1j) we have C\ 7^ 0, c 2 7^ 0, and therefore 

■m-^tS^ ~* m 
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Since y(xo) > 2/2(^0)? and (jl.4|) imply 

v'(xq) + 9u'(x ) v'(x ) 9 



< y(x ) - y 2 (xo) 



v(x Q ) + 8(x ) v(x ) (v(x + 9u(x ))v(x ) 
1 a-i , u(x ) 



<o => #<0. 



6*- 1 + u(x )/v(xo) v(x ) 2 v(x ) 

Let = u(x)/v(x), x G -R. According to (|1.3|) . ()1.4|) and ()1.5|) . this function satisfies 

the properties <^(x) — > 00 as x — ► —00, yj(a?) — > as 2 — > 00 

,. , ti'fxWa;) — w '(x)u(x) 1 „ 

¥>'(s) = , x 2 = < for x E R. 

Hence there exists Xi such that (p(xi) = —O^ 1 , or, equivalently, 

v(x 1 ) + 6(x 1 ) = 0. (6.6) 

Together with equality ()6.6|) . the following inequality holds: 

v\x x ) + 9u'{x 1 ) = v'( Xl ) + |0u'(xi)| > (6.7) 

(see ()3.9jl ). From (|6.6|) . ()6.7|) and (|6.5|) . it follows that the solution y(x) is not defined for 
x = xi; contradiction. Hence y(x) < y 2 {x) for all x G R. But y(x) 7^ y 2 (x) by hypothesis 
which leads to the upper estimate in ()6.4|) . The second inequality of ()6.4j) can be checked in 
a similar way. □ 

Corollary 6.3. Assuming the hypothesis of Lemma 16'. M the solution of equation (jl.32j) is 
of the form (|6.5J) with 9 > 0. 

Proof. Taking into account all that was mentioned above, it only remains to check that 

9 > 0. From (Q, (ESI) and lfT3jl . it follows that 

. , i/(x) + 0u'(a;) uYac) 1 

< y(ar) - ^(g) = — = x E R; 

v [x) + 9u[x) u{x) u[x)[v[x) + 9u{x)) 

v'(x) v'(x) + 9u'(x) 9 

0<y 2 (x)-y(x)- 



v(x) v(x) + 6u(x) (v(x)(v(x) + 6u(x)) 
The first inequality implies v (x) + 9u(x) > 0, x G R. Then 9 > in view of the second 
inequality. □ 

We can now finish the proof of assertion A). First note that if q(x) G H, then in addition 
to ()1.5|) we have the relations 

v'(x) , u'(x) 
lim = lim = 0. 6.8 
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Indeed, from (JH2J), $M, JHEJ), (HH) and (fTKjl . it follows that 

f (x) 1 + p'(x) f (x) 2p(x) 

hm — — — = hm — — — — — — — = hm 



-oo u'(x) x->-co v(x) u(x) U'(x) x^-oo 2p(x) u(x) p' \x) — 1 

= lim l -±p^ l im V M =0 . 

The second equality of ()6.8)1 can be proved in a similar way. Let y(x) be a solution of 
(jl.32|) which does not coincide with y2{x) for x G R and satisfies properties l)-2) (see above). 
Then by Corollary 16.31 the solution y(x) is of the form ()6.5)1 with 9 > 0. In the following 
relations, we use (JEHSJ), (JEHU, flSUl, Id), (EBJ), and 

1 = hm y(x)d{x) = hm — — d(x) = hm ^ -— 

a;-*-oo lc-+-oo t>(x) + 9u(x) x^-oo Q-l V W _|_ 

= lim = —1. 

x^ — oo 

Contradiction. Hence = 2/2(^)5 ^ G -R- The part of assertion A) related to yi(x) can be 
proved similarly. 

Let us prove B). Note that y+(x) = y±(x) if and only if c\ = in (j6.1|) . In fact, for 
x G [c, 00) we have 

, / \ cif'fx) + c 2 u'(x) u'Cx) 

y+(x) = yi(x) <S> y^— = 

CiV(X) + C2U{X) U{X) 

<=>■ ci(v'(x)u(x) — u'(x)v(x)) — -v^ ci = 0. 

Thus the condition 7^ yi(x) implies that in this case we have c\ 7^ in (jfj.lj) . Hence, 

as in the proof of A) given above, we obtain 

r ( \A( \ v c ^ v '( x ) + C2u'{x) 
lim y + (xja(xj = hm — —— a(x) 

x-*oo x-^co CiV(X) + C2U(X) 

= llm mil ^ = Um ^ = L 

x^oo 1 1 £2 HW v(x) x^oo X ' V ; 

The converse statement is an obvious consequence of ([1.34)1 . Assertion C) can be proved 
in the same way as assertion B). □ 

7. ASYMPTOTICS OF THE OTELBAEV FUNCTION AT INFINITY 

The problem that is considered in this section arises as a result of attempts to use 
Theorems 11.41 and 11.51 in order to study concrete equations ()1.1|) and (|1.32j) . It is easily 
seen that to study theoretical problems related to asymptotic behaviour of the function p(x) 
at infinity, one can use formula ()1.19j) without additional restrictions to q(x). (See, for ex- 
ample, Theorem 11.81 Another such example was given in [2j where ()1.17|) helped to find 
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asymptotics at infinity of the distribution function of the spectrum of the Sturm-Liouville 
operator.) However, to apply Theorems 11.41 and II .51 to concrete equations, one has to know 
the asymptotic estimates of d(x) for \x\ — ► oo. The proof of such estimates is a separate 
technical problem which is not at all related to the initial question on the properties of p(x) 
for |a;| — > oo. To solve this problem, additional requirements different from the conditions of 
Theorem II .41 are imposed on the function q(x). In [H], such a requirement is condition (|2.1jl . 

In the following theorem, we find an asymptotics of d(x) at infinity under condition (jl.2j) 
and some additional requirements which are more convenient for practical checking than the 
corresponding conditions from 

Theorem 7.1. Suppose that < q(x) G L l ° c (R), x G R and one can represent the function 
q(x) in the form 

q(x) = qi(x) + q 2 (x), x G R, (7.1) 

where qi(x) is positive for x G R and twice differentiable for \x\ ^> 1 and q 2 (x) G L l ° c (R). 
Denote 

A(x) = [0,2g!(x)" 1/2 ], xeR, (7.2) 



M x ) = 7 \ 3/2 su p 
qi{xr 2 teA(x) 



x+t 



x—t 



\x\ > 1, 



(7.3) 



H 2 {X) 



sup 



y/Qi(x) teA(x) 
Then if the following condition holds: 



x+t 



x—t 



, x G R. 



H\{x) — > 0, k-Ax) ^0 as \x\ — > oo, 



(7.4) 



(7.5) 



condition (jl.2j) also holds and for every x G R, the equation (jl.llj) has a unique positive 
solution d(x). Moreover, 



1 + 6(x) 

d(x) = , \6{x)\ < 2(xi(x) + h 2 {x)) for \x\ > 1, 

V?i(») 



(7.6) 



c 1 < d(x) yq~[{x) < c for x G R. 



(7.7) 



Proof of Theorem 7. 1 



We need the following lemma. 
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Lemma 7.2. Suppose that q% satisfies the hypothesis of Theorem 7.1 For a given x G R, 
consider the following equation in d > : 



S{d) = 2, S(d) = d / q x {t)dt 



x+d 



x—d 



Equation ()7.8j) has a unique positive solution d(x); moreover (see ()7.3|) ) 



d{x) 



\$i(x)\ < x\(x) for \x\ > 1, 



(7- 



(7.9) 



c 1 < d{x) \/ qi(x) < c for x E R. 



(7.10) 



Proof. Clearly, 5(0) = 0, S(d) — > oo as d — > oo and S'(d) is monotone increasing in d > 0. 
This implies that for every x E R equation (|7.8jl has a unique positive solution d(x). To 
estimate let us write the function S(d) in the form (|7.11jl : 

/•x+d rd 

S(d) = d qi(t)dt = d [q 1 (x + t) + qi(x - t)]dt 

Jx~d JO 

= 2q 1 (x)d 2 + d [qi(x + t)- 2q 1 (x) + q x (x - t)]dt 
Jo 

r-d i-t rx+( 

= 2 qi (x)d 2 + d / / q'l{s)dsdidt. (7.11) 
Jo Jo Jx-i 

Set (see (Q) 

r7(x) = (1 + xi(x))gi(x)~ 1/2 , |ar| > 1. 

By f!7.5j) . H\[x) < 1 for all |x| ^> 1, and therefore ?](x) G for all |x| 3> 1 (see (|7.2j) ). 

Then from ()7.11)1 and (|7.Hjl . it follows that 

S(rj(x)) = 2(1 + Xi(x)) 2 + / / / ^)dsdidt 

\Jq\{x) Jo Jo Jx-z 



> 2(1 + M 1 {x)f 



2{l + x l {x)f 



sup 



1 (l + X^x)) 2 

2 gi(x) 3 / 2 ^2(x) 
xx{x){l + xi(a;)) ; 



q'{(s)ds 



x-i 



> 2 + 2x 1 (x) > 2. 



By Lemma \2. 21 ()7.12|) implies the inequality 

d(x) < r]{x) = (1 + X!(x))gi(x) -1 / 2 for all |x| 3> 1. 

Let now 

r](x) = (1 + xi(x)) _1 gi(x) _1/2 , |x| > 1. 



(7.12) 



(7.13) 
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Then, as above, we have rj(x) G A(x) and using (j7.11j) and ()7.3j) . we obtain 

2 xi r 11 ^ r l f x+ ^ 



S(rj(x)) 



< 



< 



2 1 r?(x) 2 1 
1 — — 

1 + xi(x)) 2 2 1 + xl (a:) ^(x) 

2 xl(x) 



q"(s)dsdtdl; 



o </x-£ 



sup 



q"(s)ds 



+ 



By Lemma 



(l + xx(x)) 2 2(1 + XL (x)) 3 
()7.14|) implies the inequality 

d(ar) > r?(x) = (1 + Xi(x)~V(2 ; )~ 1/2 



< 2. 



for all 



larl > 1. 



(7.14) 



(7.15) 



Estimates (jZHSj) and (|7.15jl yield (|7.9jl . Inequalities (|7.1()|) follows from (|7.9jl and Lemma I2~K1 

□ 



We now prove Theorem 17.11 Consider the following equation in d > : 

S(d) = 2, 



px+d 

S(d) = d / q(£)dZ. 

J x~d 



(7.16) 



Let r]{x) = (1 + K 2 (x)d(x) and |ar| > 1 (see ((731) )■ From C3) and JZ39I, it; follows that 
r/(a;) G v4(x) for all |a;| ^> 1. For such an x, Lemma f7.2l and Lemma f7.4l imply 

i-x+r)(x) rx+r)(x) /•x+r](x) 

S(t)(x)) = rj(x) / q(t)dt = rj(x) / qi(t)dt + t)(x) / g 2 (£)dt 

Jx-ri(x) J x—r/(x) J x—rj(x) 

> (1 + x 2 (x))d{x) / _ q x (t)dt + r){x) j q 2 {t)dt 

J x—d(x) J x—rj(x) 

> 2(1 + «>(,)) -<i+*<*»< 1 + *<*» 



g 2 (t)tZt 



> 2(1 + x 2 (x)) - x 2 (x)(l + x 2 (x))(l + xl(x)) > 2. 



(7.17) 



From ()7.17j) and the definition (|7.1fij) of the function S(d), it is not hard to conclude (see 
§2) that for all \x\ 3> 1 equation ()7.16|) has a unique positive root d(x). This implies that 
this property of equation ()7.16|) remains true for all x G R and therefore, in particular, (jl.2|) 
holds. Furthermore, ()7.17|) and Lemma f2. 21 lead to the inequality 



d(x) < T)(x) = (1 + x 2 (x))d(x) for all \x\ ^> 1. 



(7.18) 



Set 



rj(x) = (1 + x 2 (x)) 1 d(x) 



for 



\x\ > 1. 
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From ()7.5j) and (|7.9)1 . it follows that r](x) G for all \x\ 1. Then according to 1)7.4)1 . 
Lemma 17.21 implies 

px+ri(x) rx+r)(x) px+rj(x) 

S(r)(x)) = r]{x) I q(t)dt = i](x) / qi(t)dt + 7]{x) I q 2 (t)dt 

J x—r/(x) J x—r/(x) J x—rj{x) 



<— —d(x) / q 1 (t)dt + r](x) / ? 2 (t)tft 

J x—d(x) J x—rj(x) 



1 + x 2 (x) 



2 1 + Xx(x) 1 
< tt + ~ 7 — r — . SUp 

l + x 2 (x) l + x 2 (x) ^q x (x) teA(x) 



x+t 

92(0^ 

a;— t 



+ x 2 (x) i 1 < 2. (7.19) 



1 + K 2 {x) l + X 2 {x) 

Hence by Lemma [2.21 and estimate ()7.19|) . we have 

d{x) > 7](x) = (1 + K 2 (x)Y l d(x) for all \x\ > 1. (7.20) 

Set 

g?(x) = (1 + a(x))<i(x), |x| ^> 1. 

Then using the facts proved above, we obtain |a(x)| < k 2 [x) for all |x| 3> 1. Therefore, 
taking into account (J7.9j) . for all |x| ^> 1, we get 

7/ n / u?/ x (1 + a(x))(l + 5i(x)) l + 5(a;) 
= (1 + a(x))d(x) = v ' K v — := v 7 

V9i(z) V9i(^) 
|<J(ar)| < |a(x)| + |^(x)| + |a(x)5i(x)| < 2(|a(x)| + |<5i(x)|) < 2(x 1 (x) + x 2 (x)) => flZSJ). 

Inequalities ()7.7|) follows from ()7.6|) and Lemma l2~6l □ 

8. Example 

In this section, we consider equation (jl.lj) and (jl.33j) where 

/ x J 1, if |ac| < 1 , . 

g(x) = < fl (8.1) 

I \x\ a + |x| Q cos if \x\ > 1 

under the conditions 

a>-2, (3>1 + -. (8.2) 

Our goal is to use Theorems 11.41 11.81 and 17.11 for finding their analogues in the particular 
case (j8.1|) . For the reader's convenience, we present the statements proved below as separate 
theorems although these "theorems" are, of course, just examples to the statements proved 
above. 
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Theorem 8.1. Suppose that q(x) is of the form (18. lj) . Then for every x G R, equation 
(jl.llj) has a unique solution d(x). If, in addition, condition ()8.2)1 holds, then for all \x\ 3> 1, 
we have 

d(x) = ^M, |^)| < (8.3) 
\x\ I \xy 

where 7 = min {2, (3 — 1 — f } . 

Remark 8.2. Since the function q(x) in (|8.1j) is even, throughout the sequel we will assume 
x > 0. Final results will be written for all x G R. 

Proof of Theorem \8.1\ In the case (18.1)1 . relations (jl.2)l easily follows from the shape of the 
graph of q(x). Then by Lemma l2~H for every x G R there exists a unique positive solution d(x) 
of equation To prove formula (|8.3|) . we apply Theorem 17. 11 Let x ^> 1, gi(x) = x a , 

q2^x) = x a cosx /3 . Then (see (|7.2JI ) 

A(ar) = [0, 2 gi (x)- 1/2 ] = [0, 2aT Q/2 ]. (8.4) 

From ()8.2|) for t G A(x) and f G [a; — t, x + t], we get the inequalities 

|f I < x + t < x + 2x~ a/2 = x (l + 2a;~ 1 "^) < 3a; for x » 1, (8.5) 



If I > x + t > x - 2x~ a/2 = x (1 - 2x~ 1 ~%) > 3~ x x for x > 1. 
Inequalities (j8.5|) - ()8.6|) are used below to estimate x x (x) for x ^> 1 (see ()7.3^ : 



•6) 



sup 



2l 0*0 3/2 ieA(x) 



x—t 



x 3a/2 



sup 



J x-t 



< 



X 



3a/2 



X 



a-2 



sup 

t£A(x) 



x+t 



1# 



x—t 



c[a) 



x- 



(8.7) 



Denote a(x) = \x — 2x a ^ 2 ,x + 2x a//2 ] for x 3> 1. In the following estimate for X2(x) (see 
()7.4|l ) for a: ^> 1, we use relations ()8.5j) - (j8.6j) and the second mean theorem ([TTJ Ch.12, §12, 
no.3]): 



sup 



\/qi{x) teA(x) 



x+t 



SU P 

x ' ieA(x) 



X 



< C- 



X 



a/2 



sup 

S , l,5 2 ea(a;) 



S 2 



Si 



< 



x—t 

c 







X 



P-l-a/2 " 



From (Q, (Q and (|8~7)l . we get condition (J73J). Now Q follows from Theorem O □ 

Theorem 8.3. Suppose that q(x) is of the form ()8.1|) and conditions ()8.2|) hold. Then 
q(x) G H. 
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Proof. Since in this case condition (jl.2j) holds (see the proof of Theorem IS.ljl . it remains 
to find a function k(x) satisfying the requirements of Definition 11.21 Let m be a positive 
number which will be chosen later. Set 



/''(•'' ) — S 2 

\X\ rn 



if \x\ < 2«+ 2 

m 

if \x\ > 2"+ 2 



.9) 



From flEIEl) and (JHI2J) , it follows that l|T7H2jl holds. Let us check fTTHjl . Let x > 1 and 
m > 2. Then from @£HJ) and (JEHU) it follows that 



k(x)d(x) X°™ (a+2)(2-m) 

< c —r—B = cx 2m — > as x — > oo. 



X 



1+- 

X ^ 2 



(8.10) 



Therefore from f)8. lOj) for t £ [x — k(x)d(x),x + k(x)d(x)} and x ^> 1, we get 



t < x + k(x)d(x) = x 
t > x — k(x)d(x) = x 



1 + 
1 - 



k(x)d(x) 
x 

k(x)d(x) 
x 



< 2x 



x 

> -. 
~ 2 



f8.ll} 



Inequalities ()1.13j) for x ^> 1 and t £ [x — k(x)d(x),x + k(x)d(x)} follow from (jHHU): 



k(x) 



< 2 



a + 2 



k(x) 



a + 2 a+2 



(8.12) 



Estimates ()1.13|) for all x £ R can now be derived from ()8.12j) taking into account that 
the functions under consideration are even and using Lemma 12.61 Let us check ()1.14|) . It 
is easy to see that in order to estimate $(x) (see (I1.14J) ). one can use estimates for $i(x), 
$ 2 (x) and $ 3 (x) : 



$(x) = k(x)d(x) sup 

z<=[0,k(x)d(x)] 

< k(x)d(x) sup 

z£{0,k(x)d(x)] 



+ k(x)d(x) sup 

ze[0,k(x)d(x)] 



[q(x + t) — q(x — t)]dt 



[q^x + t) — q x {x — t)]dt 



x+z 



+ k(x)d(x) sup 

ze[0,k(x)d(x)] 



:= $i(x) + $ 2 (^) + $3 fa), x £ i?. 



(8.13) 
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Let m > 6. Below in the estimate of for x ^> 1, we use relations (jS.llj) . (|8.12jl . (|8.9|) 

and lj?T3) : 



= A;(x)<i(x) sup 

«e[0,fc(a:)d(a;)] 



2 /"I'+t 







k(x)d(x) sup 

ze[0,fc(a)d(a!)] 



z rx+t 



^i-i 



„o-l 



< cfc(a;)d(a;)a: t " * sup 

ze[0,fc(x)d(a:)] 



2 rx+t 



d^dt 



o ^i-t 



c^x)^))^' 



3 „a-l 



< C- 



3(a+2) 

la 
a; 2 



„o-l 



(g+2)(6-m) 

CX 2m < c. 



(8.14) 



Since the functions under consideration are even and is continuous for x G R, it 

is not hard to prove that inequalities 1)7.14)1 (perhaps with a bigger constant c) hold for 
all x E R. Let us now consider <&2{x) and $3(2). We shall prove that these functions are 
bounded for x G R and m>l; since the proof is the same for both functions, below we only 
estimate $2(2)- From (J8.2j) it follows that there exists m such that for all m > m > 7, the 
following inequalities hold: 



,1 1 \ a + 2 a 



(8.15) 



def . f (a + 2)(m + 2) 
mo = mm < m : < p 

m>7 2m 



(8.16) 



Denote 6(x) = [x,x + k(x)d(x)]. Below for x 1, we use relations ()8.11jl . (|8.8|) . the second 
mean theorem Ch.ll, §2, no.3], (jEHED and (fO^ : 



$2(2) = k(x)d(x) sup 

tG[0,fc(a;)d(a;)] 



J/^cos^] 



< ck(x)d(x)x' 



sup 

'■l,s 2 €[0,k(x)d(x)] 

a + 2 



S2 



*1 



< cfc(x)d(x)x Q - /3+1 < c^^x"^ 1 



(q + 2)(m +2) „ 
2mn P 



< c. 



X'2 



(8.17) 



As in the case of $i(x) above, one can extend estimate ()8.17|) to the whole axis (perhaps 
with a bigger constant c). The statement of the theorem now follows from ([8. 13)1 . □ 

Corollary 8.4. Suppose that the function q(x) is defined by equality ()8.1|) under condition 
()8.2|) and p(x) is defined by equalities (jl.8j) . Then for all \x\ ^> 1, we have the following 
asymptotic formula: 



p(x) 



l + e(g) 

2\ x \»/2 



\e(x)\ < 



tap 



(8.18) 



Here 70 = min i 2, /3 — | — 1, f^j and m is the number from ()8.1(ij) . 
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Proof. Formula 1)8.18)1 follows from Theorems 18.3) l8~Tj 11.41 and the final choice of k(x) made 
in the course of the proof of Theorem 18.31 and (J1.20)) . □ 

Corollary 8.5. Consider the Riccati equation (Jl. 33)) in the case ()8.1)) under condition ()8.2j) . 
The following assertions hold for this equation: 

A) There exists a unique solution yi(x) (y2{x)) of equation p. 32)) defined for all x G R 
and satisfying the equalities 

lim yi(x)\x\~ a ^ 2 = lim yi(x)x~ a ^ 2 = — 1 

X— oo x^oo 

(lim y2(x)\x\~ a / 2 = lim y 2 (x)x~ a ^ 2 = 1 ) . 

B) Let y + (x) be a solution of p. 32)) defined on [c, oo) for some c G R. Then y+(x) ^ 
?/i (x) for x G [c, oo) if and only if 

lim y + (x)x~ a / 2 = 1. 

X—rOO 

C) Let y-(x) be a solution of p. 32)1 defined on (— oo, c] for some c G R. Then y-(x) ^ 
1/2(0;) for x G (— 00, c] if and only if 

lim y_(x)\x\~ a / 2 = — 1. 

x^ — 00 

Proof. This is a consequence of Theorems 18.31 18.11 and 11.81 □ 
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